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Abstract. We discuss various known generalizations of the classical Hartogs extension theorem on Stein 
spaces with arbitrary singularities and present an analytic proof based on 9-methods. 



1. Introduction 
The classical Hartogs extension theorem is usually stated as follows: 

Theorem 1.1. (Hartogs) Let Q be a domain in C" (n> I) and let K be a compact subset of Q such that 
n\K is connected. Then any holomorphic function f onfl\K has a unique holomorphic extension on fl. 

The first analytic proofs of this theorem for CC C" used the theory of integral kernels. The shortest proof 
so far of Theorem 1.1 is due to Ehrenpreis and relies on solvability with compact support of the Cauchy- 
Riemann equations for (9-closed smooth compactly supported (0, l)-forms defined in C". Vanishing results 
of this type are instrumental in obtaining Bochner type extension theorems as well. Complex manifolds 
X that possess this property i.e. H^{X,0) = are often said to have the Bochner-Hartogs property. 
Examples of such manifolds are {n — l)-complete complex manifolds of dimension n > I (this was shown 
by Andreotti-Grauert in [2] and Andreotti and Vesentini in [J), and {n — l)-strictly-hyperconvex Kahler 
manifolds (proven by Grauert and Riemenschneider in [lOj). Various possible Hartogs extension theorems 
have appeared in the literature in which one can replace C" by an n-dimensional Stein manifold X or, 
replace the holomorphic sections by sections of a coherent sheaf on X. Similarly, various Bochner extension 
theorems have appeared in which one can replace C" by a Stein or (n — l)-complete n-dimensional manifold 
(see section 3.4 in [3 J. A weak form of Hartogs extension theorems for singular spaces first appeared in 
the seminal 1962 paper of Andreotti and Grauert (Theoreme 15 in [2]). In 1963, Rossi proved the following 
version of a Hartogs extension theorem for normal Stein spaces using Bishop's special analytic polyhedra: 

Theorem 1.2. (Theorem 6.6 in [23] j Let X be a connected, normal Stein space of dimension n>2. Let K 
be a compact subset of X and let h be a holomorphic function on X\K. There is a unique H holomorphic 
on X such that H — h on the unbounded component of X\K. 

Later on Laufer, Harvey, Banica and Stana§ila generalized Rossi's result. Harvey showed in [TO the 
following 

Theorem 1.3. (Theorem 2.13 in Let X be a subvariety in C". Suppose K is a compact subset of 
X such that X\K has no branches which are contained in a compact set. If the homological codimension 
codhx{Ox) > 2 for all x d X , then the restriction map 

T{U,Ox) ^r{U\K,Ox) 
is bijective for all neighborhoods U of K in X . 

Conversely, if T(X\K, Ox) — r(A, Ox) for a compact holomorphically convex subset ofC^ with I'C C X , 
then codhx{Ox) > 2 for all x G K. Here Ox ■— i*{Ox) is, the trivial extension of Ox by zero to C", and 
i : X ^ C" is the closed immersion. 
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On another note in Banica and Stana§ila's book 5 the foUowing generahzation of Theorem 1.3 is given. 

Theorem 1.4. (Chapter I, Corollary 4-4 [5JJ Let (X,0) be a reduced Stein space and K be a compact 
set such that X \ K has no relatively compact irreducible components (branches) in X . If the homological 
codimension codh{Ox) > then the restriction map 

T{X,0) ^T{X\K,0) 

is bijective. 

Conversely, if X is Stein and K a holomorphically convex compact such that the map T{X, O) — > T{X \ 
K, O) is bijective, then codh{Ox) > 2 for all x G K. 

In 2007, Merker and Porten estabhshed a version of a Hartogs extension theorem for {n — l)-complete 
(possibly singular) complex spaces using the method of pushing disks and Morse theory. More precisely 
they proved 

Theorem 1.5. (Theorem 2.2 in |21j ) Let X be a connected (n — 1)- complete normal space of dimension 
n > 2. Then, for every domain Q C X and every compact set K G with n \ K connected, holomorphic 
functions on ^l\K extend holomorphically and uniquely to VL. 

Ruppenthal proved in 24J Theorem 1.5 for 1-complete (Stein) spaces with isolated singularities, using the 
classical 9-method of Ehrenpreis, ideas from an earlier paper of ours [7] combined with Serre duality. 

In the case of Stein spaces with singularities it is natural to examine the relationship of the above versions 
of the Hartogs extension theorem and also try to generalize Ehrenpreis approach for Stein spaces with 
arbitrary singularities. We shall show that Theorem 1.4 and Theorem 1.5 for Stein spaces are in fact 
equivalent; we will further show that Theorem 1.5 for Stein spaces implies the version of Theorem 1.4 
under the weaker assumption that codh(Oa;) > 2 for all x G K. We shall also present in this paper an 
analytic approach to obtaining Hartogs extension theorems based on our earlier work. It may be worthwhile 
to state the following corollary which will tell us that only appropriate neighborhoods of K need to be 
considered for extension theorems to hold: 

Corollary 1.6. Let {X,0) be a reduced complex analytic space K be a compact subset of X such that 
codh[Ox.x) > 2 for all x G K. Let D be an open neighborhood of K. If K has a Stein neighborhood U in 
X such that U\K has no irreducible components that are relatively compact in U then the restriction map 

V{D,0) T{D\K,0) 

is bijective. 

The organization of the paper is as follows. In section 2, we will give an overview of the ideas used to prove 
Theorems 1.3, 1.4. In section 3 we will prove the equivalence of the various Hartogs extension theorems, the 
implication that Theorem 1.5 implies Corollary 4.4 as stated in [5] and show that the conditions imposed 
in Theorem 1.4 are necessary. In section 4 we will give a different proof of the Hartogs extension for Stein 
spaces X that satisfy codh(C'x) > 2 based on Andreotti-Grauert's work. Section 5 will streamline the 
i9-approach. 

Remark: This paper was completed in September of 2008. Around the same time Andersson and Samuels- 
son obtained in [1] (Theorem 1.4) a 9-proof of a Hartogs extension theorem on Stein spaces with arbitrary 
singularities, using residue theory calculus. In November of 2008, Coltoiu [6] and Ruppenthal [25] inde- 
pendently obtained a 9-theoretic proof of a Hartogs extension theorem on cohomological [n — l)-complete 
(resp. (n — l)-complete) spaces. The key ingredient in the proof is a vanishing of the higher direct images 
of the sheaf of canonical forms of an appropriate desingularization X of the [n — l)-complete complex 

^Corollary 4.4 on page 42 in _5_ is stated under a weaker assumption on the homological codimension of the structure 
sheaf; namely that codh{C'a;) > 2 for all x S K. However a stronger assumption is needed for the proof of Corollary 4.4 in [5] 
to go through. One needs at least that codh {Ox) > 2 for all a; G (7 where (7 is a Stein neighborhood of K. 
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space X. This subtle vanishing result which was obtained by Takegoshi easily yields the vanishing of 
Hl{X,0) which is needed for the Ehrenpreis method to carry over. Our analytic approach is based on 
more general weighted L^-solvability results for 9-closed, compactly supported forms (Theorem 5.3) which 
are of independent interest. In a forthcoming work [ 22j we obtain semiglobal results for d on g-complete 
spaces and as a corollary we obtain another proof of a Hartogs extension theorem on (n — l)-complete 
spaces. 

2. Preliminaries 

2.1. Preliminaries on cohomology with support. Let us recall the obstructions to extending holo- 
morphic sections from X \ K to X. For a sheaf of abelian groups S on X , let Tk{X,S) denote the 

sections on X with support in K. Consider a flabby resolution of O; ^ O ^ C'^ ^ — > • • • . The 
cohomology groups with support in K are defined by H^{X,0) := H*{Tk {X,C')), i.e. they are the co- 
homology groups of the complex (F/f (X, C*^), d^) . Since each C* is flabby, we have a short exact sequence 
Tk{X, C) F(X, C) V{X \ K, C*) 0. This induces a long exact sequence on cohomology 

(1) -> H°k{X, O) H°{X, O) -^H°{X\ K, O) H]^{X, O) H^{X,0) ^ ... 
Since X is a Stein subvariety H''{X, O) = {0} for all i > 1. Hence the above sequence becomes 

(2) ^ H°i^{X, O) H°{X, O) H^{X \ K, O) Hj^iX, 0)^0 

It is clear from the above that the obstructions to extending holomorphic sections from X \ K to X come 
from nontrivial H}^{X, O) for z = 0, 1. 

It is a standard fact from sheaf cohomology theory that H]^{X,0) = H}^{U,0) where U is an open 
neighborhood of K in X. The fact that H}^{U, O) is independent of the neighborhood U oi K is referred 
to as excision. 

Later on we shall need a more general version of ([T]). Let L be a closed neighborhood oi K in X. Then we 
have the following exact sequence: 

(3) ^ H°,iX, O) ^ Hl{X, O) ^ Hl^^{X \K,0) ^ H],{X, O) ^ Hl{X, O) ^ .. 

2.2. Preliminaries on homological codimension. Let us recall the definition and some properties of 
the homological codimension or profundity of a coherent sheaf. First of all, 

•i On a noetherian ring R with an i?-module M of finite type and a an ideal, a sequence of elements 
/i, • • • , /q G a is called a regular M-sequence if fi is not a zero divisor of M/Y^''~}^ fj M (for j = 1, it 
means that /i is not a zero divisor of M). The maximum length of a regular M-sequences is denoted by 
prof^Af . If i? is a local ring with maximal ideal m then prof^M is denoted by codh^M and is called the 
homological codimension of M . An equivalent way to describe the homological codimension of a module 
M of a local noetherian ring is the following: codh^Af — inf{i; Ext* (A:, M) ^ 0} where k ~ R/ra. 

For a general complex space (X, O) and a coherent analytic sheaf on X, we define codh = inf-^g j^codh^;^ 
where coAh-xT — codh.o_^!Fx, if O'x 7^ and 00 otherwise. 

•2 If z : X — > is a closed immersion of complex spaces and T is a, coherent sheaf on X then the 
trivial extension of by zero outside X, is a coherent sheaf in Y and we have codh(jF2.) = codh {i*{3-)i{x)) 
for &\\ X E X. 

Hartogs extension theorems for some singular Stein spaces follow as a special case of more general vanishing 
theorems of cohomology with supports. In what follows we outline the basic ideas behind these vanishing 
theorems. 
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2.3. Vanishing on cohomology with supports and homological codimension bounds. The aim 

in this section is to recall the relationship between homological codimension bounds and vanishing of 
cohomology with supports. 

Theorem 2.1. (Corollary 3.1, page 37 in [5]j If X is a Stein space, J- is a coherent sheaf on X, K is a 
holomorphically convex compact and r > an integer. Then codh{J-x) > r + 1 for all x ^ K if and only if 
H\^{X, J-) = {0} for all i < r, where are the i-th cohomology groups with support on K. 

Since X is a holomorphically convex compact in a Stein space, it has a neighborhood basis of Oka- Weil 
domains i.e. K has a Stein neighborhood that can be thought of as a holomorphic subvariety of a polydisk 
in some numerical afRne space. So without loss of generality we can assume that i : X C" is a closed 
immersion. Let Q := the trivial extension by zero outside X. The sheaf Q is coherent. If K 

is holomorphically convex subset of X then L i{K) is holomorphically convex compact in C" and 
H]^{X, T) = if|_(C", Q). Hence the proof of Theorem 2.1 reduces to the case of Stein manifolds. So what 
we really want to show is that on the n-dimensional Stein manifold X := C" with T a coherent sheaf and 
K holomorphically convex compact, 

coA\\{Tx) > r + 1 for aU a; G X ^ H\^{X, T) ^ for all i < r. 

The standard proof relies into two main ingredients. First one shows that the homological codimension 
bounds imply the vanishing of certain extension sheaves. Then one proves that the cohomology groups 
H]^[X, T) with their natural topology are the strong duals of the spaces H°{K,£xt^\T, O) fi"), 
where fi" is the sheaf of holomorphic (n, 0) forms on X. 

Claim I: codh(JF^) > r + 1 for aU a; e ^ Exf^j^'iT, O) = over K and for all i < r. 

Since K is a holomorphically convex compact in C" we can find an open Stein neighborhood U of K over 

which there exists an exact sequence of holomorphic free sheaves of the form 

(4) — ^O"'- ^ O"^-' — > >0''° ^ — > 0. 

We can always choose this sequence to be of minimal length. Let T := iloma{!F, O) be the dual of T. 
Since Home)(-, O) is a contravariant functor by applying it to ([4]) we obtain the following sequence over U 

(5) O^T^ O""' A O'^i ^ . . . O"" — ^ 0. 

The above complex is not exact-except at T and O^g. Let us define £xt]ry{T, O) :— kern((5*_|_]^)/Im((5*) for 
i > 0. These sheaves measure the degree to which the above complex fails to be exact. They are coherent 
sheaves on K. Let codh^(jF) := ini^^K coc\h{Tj.) . By the assumption of the claim codhx(J^) > r + 1. 
Then n - codh/f (J^) <n - r - I <n - r. Hence for all i < r, £xt'^''{T, O) = over K. 

Claim II: H\^{X,T) is the strong dual of H° {K, £xt'l^\T, O) ® ^2"). 

The proof of the above claim proceeds in several steps. First you consider the case of locally free sheaves 
T and you show that i) H]^{X,T) = if « 7^ n, ii) H^{K, JT) with the natural inductive limit topology 
is a (DFS) space (strong dual of a Frechet space ) and iii) H^{X,!F) with its natural topology is the 
strong dual of H^{K,J^® il") (see theorem 5.9 in [27]). Serre's duality theorem plays a critical role in the 
proofs of the above statements. For a general coherent sheaf J- one uses a short exact sequence of the form 
— > ^ — > ^ over a Stein neighborhood of K (such a sequence always exist since J- is coherent) 
and apply induction on the homological codimension of T over K to prove that [K, £xt^^{!F, O) (g) SI") 
with its natural inductive limit topology is a (DFS) space and then show that H^j^{X,J-) with its natural 
topology is the strong dual of H° {K, £xt'^\T, O) ® (see theorem 5.12 in 27 ). 

Historical remarks: (i)-(iii) in the previous paragraph are special cases of more general theorems proven 
by Martineau in 20J. The passage from locally free sheaves to coherent sheaves is due to Harvey [IB] . 

Theorem 2.1 follows immediately from Claims I and II. 
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2.4. Proof of Theorems 1.3, 1.4. Reduction steps, a) Let us suppose that the first half of Theorem 1.3 
is true for U = X. This imphes that H^^{X, O) = H}^{X, O) = {0}. Now, let U be any open neighborhood 
of K. Consider the long exact sequence 

^ H°^{U, O) H"{U, O) H"{U \K,0)-> H}^{U, O) ... 

From the excision property we know that H]^{X,0) = H}^{U,0) for any open neighborhood U of K. 
Since the former cohomology groups vanish these will imply that H}^{U,0) = {0} for i = 0, 1. Hence, 
H°{U,0)^H°{U\K, O). 

(3) We need to show now that the theorem is true for U ~ X. If is a holomorphically convex compact in 
X such that codh(02;) > 2 for all x e K, then due to Theorem 2.1 we have that r{X \K,0) ^ T{X, O) 
or equivalently that H]^(X, O) = {0} for i 0, 1. 

Now, let K be as in Theorem 1.2. Apply Theorem 2.1 to its holomorphically convex hull Kx in X. 
This will imply that (X, O) = for i = 0, 1. Using these vanishing results and fSj we deduce that 

H%{X,0) = {0} and H]i{X,0) ^ ^^^^^(^ \ K,0). The assumption that X \ i^T has no relatively 

compact branches in X implies that H^^^^{X \K,0) ^ {0} and hence H}^iX, O) = {0}. 

The prove the converse conclusion we refer to Theorem 2.1 and ([2]). 
The proof of Theorem 1.4 will proceed along the same lines. 

3. Equivalence of Theorems 1.4 and 1.5 for Stein spaces 

3.1. Preliminaries on topological properties of complements of compact subsets on connected 
normal Stein spaces. Let {X, O) be a connected normal (thus irreducible) Stein space of dimension 
n > 2. Let if be a compact subset of X and let K denote the holomorphically convex hull of if in X. 
Let {Vi}i^i (resp. {Uj}j^j) be the connected components of X \ if that are relatively compact (resp. 
unbounded) in X. Then X\K = (U^eiV^) [ji^jejUj). 

Claim: Let if be a holomorphically convex compact subset of a connected normal Stein space X of 
dimension n > 2. Then, X \ K has no relatively compact connected components. 

Proof of Claim: Suppose on the contrary that X\K has a relatively compact connected component V. Now, 
X \ if is open thus normal and V is open, connected with V compact. Any / e r(A", O) is continuous 
on V, hence it attains its maximum on p G V. If p G V then we would be able to find a small. Stein 
neighborhood W oi p such that / attains a local maximum there. Hence / would be constant near p (by 
the local maximum principle, page 109 in [H]). Since X is irreducible by the Identitatsatz (page 170 in 
[TT] ) / should be constant on X. Hence / attains its maximum on dV. But dV C if and for all z G V and 
all / S T{X,0) we have: \f{z)\ < \ f{p)\ < sup;f|/|. This last inequality implies that V C K = K since 
if is holomorphically convex compact and hence V = So X \ K has no relatively compact connected 
components. 

Remark: When X is a connected Stein manifold of dimension n > 2, the above Claim was proved by 
Laufer (Theorem 9 in pj]). 

3.2. Theorem 1.5 for Stein spaces imply Theorem 1.4 (or Corollary 4.4 in "5]). Let {X,0) be 
a reduced Stein space and K be a compact set such that X \ K has no relatively compact branches in X 
and furthermore codh(C'x) > 2. When X is not irreducible, then we have codh(C'a.) = infp{codh(Oa;)p}, 
where m is the maximal ideal in Ox, V is a prime ideal in Ox and the infimum is taken over all prime ideals 
V that contain m (see for example Corollary 3.6, page 42 in [13]). Let us remark here that the condition 
codh(0:r) > 2 for all a; e if (that appears in Corollary 4.4 in [5]) would guarantee that 1-dimensional 
irreducible components of X do not intersect if. 

We shall give an alternative proof of Theorem 1.4 (resp. Corollary 4.4 in [5]) assuming that the version of 
Theorem 1.5 for Stein spaces is true. Let X = UAT, be the decomposition of X into irreducible components 
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and let (X, ^) be a normalization of X. The map ^ : X — > X is a one-sheeted analytic covering map such 
that Ox — Here Ox is the sheaf of weakly holomorphic functions on X. According to Grauert 

and Remmert (Global Decomposition Theorem, page 172 in [TT]), the irreducible components of X are the 
^-images of the connected components of X and every irreducible component of X contains smooth points 
of X. We write X = |J X^, i.e. X is the disjoint union of its connected components, which in turn are the 
normalizations of the irreducible branches of X. Since X \ K has no relatively compact branches in X, 
(,~^(X \ K) — \_\{Xi \ n ^"^(if)) will have no relatively compact connected components in X. Hence 
Xi \ {Xi n i^~^{K)) has no relatively compact connected components in Xi, for every i. If we could show 
that Xi \ {Xi n ^^^(iiT)) is connected then we could use the version of Theorem 1.5 and finish the proof of 
Theorem 1.4. 

Some remarks. Let {X,0) be any complex space and L be any compact subset of X. Assume that 
X = LiJ {^iVi) U [iJaUa] where Vi are the relatively compact connected components oi X\L and Ua the 
unbounded connected components oi X\L. Any compact L' that contains L satisfies {X \ L') CiUa 9 
for each a. Take as L' the holomorphic convex-hull of L in X. If we could show that X \L' is connected, 
then it would easily follow that X \L \ (Ui Vi) is connected. 

We want to show that Xi\{Xir\£,^^ (K)) is connected; each Xi is a connected. Stein, normal space and those 
Xi that intersect ^"^(iiT) are at least 2-dimensional. Let us consider the compact subset L := Xi n^^^(A') 
of Xi. Let L' be the holomorphic convex- hull of L in Xi. Based on the above remarks, to show that Xi\L 
is connected it would be sufhcient to show that Xi \ L' is connected. If the latter set had more than one 
unbounded connected components, then one could define an / G T{Xi \ L', O) such that / = 1 on one of 
the components and elsewhere on Xi \ L' . Now, L' is holomorphically convex in Xi, codh(C'j,) > 2 for 
all y ^ L' and Xi is Stein. By Theorem 2.1 we have that 

(6) T{X,,0)^r{X,\L',0) 

By ^ we conclude that / extends to a global section / G T{Xi, O). Since Xi is connected, Identitatssatz 
would imply that / = on Xi which is impossible. Hence we can conclude that Xi \ L' is connected and 
thus Xi \ {Xi n {^~^{K)) is connected for aU i such that Xi n 0. 

All the assumptions of Theorem 1.5 are satisfied for Xi and Xi D ^^^{K). Given s G r(A \ AT, Ox); its 
pull-back s G r{X \^^^{K),Oj^) and its restriction on A^ \ A^ n^^^(Ar) is a holomorphic section there. 
According to Theorem 1.5 there exist ai G r{Xi,0) such that ai = s o ^ on Xi \ Xi n ^^^{K). Hence, 
there exists a cr G r(A, O-^) such that a — Ui on each Xi. Let s — ^^^a. Clearly, s is a weakly holomorphic 
function on X and it is equal to s on A \ K. Let A := {x € X; Sx ^ Ox } = Supp {{Ox + s Ox)/ Ox)- As 
Ox + sOx is a coherent Ox-submodule of Ox, A is an analytic set in X which is contained in K . Hence 
A is a finite subset of AT. If A 7^ then codh(C'j,) < 2 for y ^ A, otherwise s could extend holomorphically 
in a neighborhood U of y, by Corollary 3.3, page 38 in 5 . But this contradicts the assumption that 
cod\v{Ox) > 2 for all x E K. Hence A = id, thus s G r(A, O). This proves the surjectivity of the restriction 
mapping r(A, O) r{X \ K,0). To prove the injectivity we consider s G T{X, O) such that s = on 
A \ AT; hence s = on each Xi \ {K D Xi). By the Identitatssatz we have that s = on each Xi, hence 
s = on A. 

Proof of Corollary 1.6. To prove Corollary 1.6 we shall use the above approach, passing to the normal- 
ization and assuming Theorem 1.5 for normal Stein spaces. Under the assumptions of Corollary 1.6, we 
can show that the restriction homomorphism T{U, O) T{U\K, O) is actually an isomorphism. This will 
imply H\^{U, O) — for i = {), \. By excision we have H\^{D, O) = for i = 0, 1. Hence, the restriction 
homomorphism T{D, O) T{D \ K, O) is an isomorphism. 

3.3. Theorem 1.4 implies Theorem 1.5 for Stein spaces. We assume Theorem 1.4 is true. We will 
show how to derive Theorem 1.5 from it in the case of Stein spaces. Let J7 be any domain in A and AT C 
be a compact such that Q\K is connected. 
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Claim: Under the assumptions of Theorem 1.5 on X, il, K we have that X\K has no relatively compact 
connected components and is connected. 

Proof of the Claim: Let K be the holomorphically convex hull of K va X. We have seen that X\K has 
no relatively compact connected components and that X\K \s connected (by the results in sections 3.1 
and 3.2) consisting only of one unbounded component. Let {Vi}i^i (resp. {Ua\a&j) be the connected 
components oi X\K that are relatively compact (resp. unbounded) in X. Since X\K is connected this 
will imply that the set J consists of a single element. Since is a neighborhood of K it would intersect 
every component oi X\K . We can write n\K = Vir\{X\K) = f]n(Uie/ V^yjU)^ (Ue/ ^ n Vj)U(rinJ7). 
If / 7^ then we arrive at a contradiction since \ X is connected. Hence X\K has no relatively compact 
connected components and it is connected. 

On a normal space X of dimension n > 2 we have that codh(C'x) > 2. Hence all the assumptions of 
Theorem 1.4 are satisfied. Let s € V{X \ K,Ox)- By theorem 1.4 there exists a unique s G r{X,Ox) 
such that s = s on X \K. This implies that H]^{X, O) = for i = 0, 1 and by the excision property that 
H]^[n, O) = for i = 0, 1. The latter though imply that H°[n, O) ^ H^{n \ K, O). 

3.4. Necessity of conditions in theorems 1.3 or 1.4. Let up point out that the homological codimen- 
sion (depth) bound in Theorem 1.3 (or Theorem 1.4) is necessary for a Hartogs extension theorem to hold. 
In Il6 l. Harvey gave an example of an irreducible, Stein surface X in with a single isolated singularity at 
the origin such that when K — {0}, there exists a holomorphic function on X\K that can not be extended 
holomorphically to X . Harvey's point was to show that simply requiring the singular Stein space to be of 
dimension bigger or equal to 2 does not suffice for an extension theorem to hold. Since this example has 
been the source for interesting phenomena (similar examples had been constructed earlier to show that 
irreducible Stein varieties whose singular locus has codimension at least 2 are not necessarily normal ([12j. 
Volume II, page 196), we will recall it and also provide a calculation of the homological codimension of the 
structure sheaf of the variety at in absence of a reference for it. 

Let / : ^ be the map described by f{x,y) = {x^,x^,y,xy). Clearly /-^(0, 0,0,0) = (0,0), / is 
proper and the Jacobian of / has rank 1 at and 2 everywhere else. If we set X := f{€?) then X \s a, 
Stein surface in C* with an isolated singularity at and since X \ {0} = /(C^ \ (0, 0)) is connected X is 
irreducible. Let us consider the following function on X \ {0}; 17(21,22,23,24) = ^ ~ x, ii zi ^ Q and 
^(zi, 22, Z3, Z4) — ^ — X, if Z3 ^ 0. Clearly g is a holomorphic function on X\ {0}. If g could be extended 
holomorphically across to some function 5, then one could define a holomorphic map F : X '€? such 
that F(2i, 22, Z3, 24) = {g{zi, Z2, Z3, Z4), Z3) that is the inverse of /, i.e. / would be a biholomorphism. 
Hence g can not be extended holomorphically across and therefore codh(C'^ 0) — 1- shall show 
that codh(C'x n) = 1 by showing that codh{0^ „) > 0. We know that codh{0^ g) = if and only if 
every element in ^ (the maximal ideal in ^ ) is a zero-divisor in „ . Taking into account that 
g = C{x^, x^, y, xy} and that (, is generated by elements in the maximal ideal of C'c4 at 0, we 
immediately see that codh(C'x q) can not be zero. 

Let u be the minimal depth (homological codimension) of the rings Ox,x, x G SingX. When v = 1 
Andersson and Samuelsson gave a necessary and sufficient condition for extendability. More precisely they 
proved the following: 

Theorem 3.1. (Theorem I.4 ii) in \ ) Assume that X is a Stein space of pure dimension d with globally 
irreducible components X^ and let K be a compact subset such that RegX^ \ K is connected for each I. 
Assume v —\ and let x be a cut-off function that is identically equal to 1 in a neighborhood of K . There 
exists a smooth {d, d—1) form a on RegX such that the function (j) G 0{X\K) has a holomorphic extension 
$ across K if and only if 

(7) / dx/\a(j)h = Q 

J X 

for all h G 0{X), and where the integrals exist as principal values at SingX . 
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In the case of curves in C'^ similar moment conditions were given by Hatziafratis (Theorem 2 in [17]). 

Remark: Using Harvey's example we can show why a stronger condition on the homological codimension 
of Ox is needed in the statement of Corollary 4.4 in |i5,j. There, it is only assumed that codh(C'2;) > 2 
for all X G K. In the proof provided though, one has to use the fact that codh.{Ox) > 2 for all x S 
Kx, the holomorphic convex hull oi K in X. We shall show that we can find a compact subset K in 
Harvey's surface X such that X \ K is connected and G Kx (recall that codh(C'o) — !!)• Let P{r) 
denote the bi-disc of radius r. We can construct a compact L in such that: L := P{1) \ Tj, where 
:= {{z,w); (Imzf + \w\'^ < e^} for < e < 1 is an open tube about R x {0}. Clearly ^ L and \L 
is connected. In what follows by A we will denote the unit disk in C with respect to the z or w variable. 
Claim: If g is a holomorphic function near L then g^L has a bounded holomorphic extension g to -P(l). 

Proof of Claim. Let us set g{z,w) := /|ci=i ^^~^^dC. Clearly g is defined in P(l). When \z\ < 1 

and |Imz| > e, we have {z} x A d L, so g{z,w) = g{z,w) when \w\ < 1 by Cauchy's formula. Since L 
is connected and U := {{\z\ < 1, |Imz| > e}) x {\w\ < 1} 7^ subset of L, by the identity principle of 
holomorphic functions we conclude that g = g on L and hence ^ is a bounded holomorphic extension of g 
in P(l). 

Let / : — ^ X be the parametrization of Harvey's example and let K := f{L). If g is a holomorphic 
function on a neighborhood D oi K in X, it follows that g has a bounded analytic continuation on 
/(P(l)) \ {0} since / is a biholomorphism from \ {(0,0)} to X \ {0}. Hence, D can not be a Stein 
domain in X \ {0} and K can not be contained in a holomorphically convex compact in X \ {0}. 

3.5. Relatively compact branches. Take X =: and K =: {{z,w) \ 1 < |zp + |wp < 2}. Then 
codh(Ox) — 2 ~ dimX, X is normal connected (thus irreducible) and X \ K = U U W where U is the 
unit ball and W — {(z,w) | |zp + |wp > 2}. Consider a function / such that / = 1 on [/ and / = 
on W. Clearly / e H^{X \ K, O) but / can not be extended to a holomorphic function on C^. One can 
produce more refined counterexamples where X\K is connected; consider for example as X := Xi U X2 
where Xi is the plane in C'^ given by zi = and X2 the plane in C"^ described by 23 = and let 
if := {(zi,Z2,Z3); 1 < |zip + |Z2|^ < 2, Z3 = }. Clearly codh (Ox) = 2 and X \ X is connected. On the 
other hand X\K has a relatively compact component U . Let us define a function / such that f = zi on U 
and / = elsewhere on X\K; f G r{X\K, O). Such an / can not be extended holomorphically on X. In 
[T] an example is given (Example 3, Section 8) to show that when X\K has an irreducible component that 
is relatively compact in X and v = I the moment condition ([7]) is not sufficient to guarantee extendability. 

4. A NEW PROOF OF A HARTOGS EXTENSION THEOREM BASED ON AnDREOTTI-GRAUERT'S WORK 

In [2] the following theorem was proved: 

Theorem 4.1. (Theoreme 15) Let X be a complex space for which there exists a function (f) > 0, strongly 
q-convex such that the subsets X^^c '■= {x d X \ e < 4'{x) < c} are relatively compact for e, c > 0. Let 
Be '■— {x G X \ (t>{x) < c} pour c > 0. Let J- be a coherent sheaf on X . Then the homomorphism 

H-{x, r}^H'\x\B,,r) 

is bijective for r < codh(J-) — q and injective for r — codh{J-) — q. 

The key ingredient in the proof is the vanishing of the cohomology groups with compact support, H^{Bc, T) 
for all r < codh(jr) — q. This latter vanishing is obtained via Grauert's bumbing method and some local 
vanishing of the sheaf cohomology groups with compact support near the boundary of Be- When A" is a 
Stein space (or equivalently a 1-complete space) such that codh(C'x) > 2 then from the above theorem we 
deduce that the restriction homomorphism 

i/"(A, O) H°{X\Bc, O) 
is a bijection. From this we can deduce the following theorems 
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Theorem 4.2. Let X be a Stein space such that codh(Ox) > 2 and K he a compact subset of X . If 
X\K has no irreducible components that are relatively compact in X then the restriction homomorphism 
H°{X, O) H"{X\ K, O) is an isomorphism. 

Proof. Since X is Stein, there exists a strictly plurisubharmonic function </> that satisfies the assumptions 
of Theorem 15 in [2\ and for K compact subset of X there exists a c > such that K C Be. Let 
/ G H^{X \ K, O). Then the restriction of / on X \ _Bc is a holomorphic section there, and by Theorem 
4.1 there exists a unique section / £ H'^{X,0) such that f = f near X \ Be- Now by assumption each 
irreducible component U of X\K is unbounded, hence it will intersect X\Bc i.e. U r\X\Bc ^ 0. We have 
/ = / on the non-empty open subset Ur\{X\Bc) of U. By the identity principle for holomorphic functions 
we obtain f = f on U and hence f = f on X \ K. As a consequence we obtain that H\^{X, O) = for 
i = 0, 1. 

Theorem 4.3. Let X, be as above and let D be a neighborhood of K in X. Then the restriction 
homomorphism H^{D, O) H^{D \ K, O) is an isomorphism. 

Proof. As a consequence of the previous theorem we obtained that H]^{X, O) = for 1 = 0, 1. By excision 
we also have that H}^{D, 0) = for « = 0, 1. The vanishing of H}^{D, O) implies the surjectivity of 
H'^{D, O) H^{D \K, O). The injectivity of the restriction homomorphism follows from the exactness 
of ^ H'^{D, O) H°{D, O) H"{D \K,0) ^ H]^{D, O) = and the fact that H%{D, O) = 0. 

Remark: As we have seen in section 3, Theorem 4.3 implies Theorem 1.5 for Stein spaces which in its 
turn implies Corollary 4.4 in [5]. 

Using these theorems we can easily prove connectedness of the complements of some compact sets in 
appropriate Stein spaces. More precisely we obtain the following: 

Corollary 4.4. Let X be an irreducible Stein space with codh{Ox) ^ 2. Let K be a compact subset of X 
such that X\K has no irreducible components that are relatively compact in X . Then X\K is connected. 

Proof. Suppose on the contrary that X\K. iJW where [/, W disjoint open sets. Let / = 1 on [/ and 
/ = on W. Clearly f e H°iX\K, O). By Theorem 4.2 there exists / G H"{X, O) such that / = / on 
X \K. By the identity principle we could have that / = 1 on X which is not possible. 

Corollary 4.5. Let X, K be as in Theorem 4. 3 and let D be a connected neighborhood of K . Then D\K 
is connected. 

Proof. Follows along the same lines as the proof of Corollary 4.4 using Theorem 4.3 and the identity 
principle. 

Remark: If D is a neighborhood of K , then D intersects every component of X\K\ hence D\K connected 
would imply X \ K connected. 

5. A 9-APPROACH TO HARTOGS EXTENSION THEOREMS ON StEIN SPACES 

The main goal in this section is to streamline an analytic approach via d techniques and duality theorems 
for proving Theorem 1.5 for Stein spaces with arbitrary singularities. 

First we need some preliminaries on the existence of smooth cut-off functions on a singular complex space. 

5.1. Cut-off functions. A function on a complex space X is C°° iff it is locally the pull-back of a C°°- 
function by a local embedding in an open set in some C^. This condition is independent on the choice of 
the embedding. In the case where there is a proper embedding (f> : W ^ [/open ^ (^n j^^y. choose a 
cut-off function x' G C^{U) with x' = 1 on (l>{V) for V W and set x ■— x' ° 4>- 

When X is a complex space countable at infinity but not necessarily Stein, the proof of the existence of 
a smooth partition of unity subordinate to an open covering carries over from the manifold case. This 
implies the existence of smooth cut-off functions in general. 
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5.2. The analytic approach; a reduction. Let {X, O) be a connected, normal, Stein space of dimension 
greater or equal to 2. Let K he a compact subset of X and D an open neighborhood of ii' in X such that 
D\K is connected. We need to show that given any s G r{D \ K, O) there exists unique s e r(_D, O) such 
that S|j-,^^ = s. We shall need the following Proposition: 

Proposition 5.1. Let X be a connected, non-compact normal complex space and K a compact subset of 
X . Let us assume ttiat K has an open neighborhood D, in X with the following property (P) 

For every "nice" d-closed (O,l)-form f on RegQ with suppx f closurex {supp f) compact in il, the 
equation du ~ f has a solution on RegQ with suppx u := closurex (suppu) compact in fl. 

Then, for every open neighborhood D of K with D\K connected and every s G T{D \ K, O) there exists 
a unique s G r(_D, O) such that s = s on D \ K . 

"Nice" in the above statement means that the form / can be smoothly extended on U for some local 
embedding : C O ^ J/"?*^" C C^. 

Proof: We choose x ^ ^^{D n Q) such that x — ^ ^^car K and we define a (0, 1) form / on Regfi as 
follows: 

. f s9x on supp(9x) nRegfi, 
\ on Regfi \ supp (9%) 

Let u be a solution to du = f on Reg fl with suppjj-u compact in f2. Let u", f'^ denote the trivial extensions 
by zero outside X \il oi u and / respectively. Then = /° on KegX and = on RegX \ supp/. 
Let U be an unbounded connected component of X \ supp x- Clearly is holomorphic on HegX \ suppx, 
so w° must be identically equal to on U. Hence supp C X \ U Ci il. 

Let us define s on RegD by setting s := w° + (1 — x) s. Clearly 9s = on RegD and extends as a 
holomorphic section (still denoted by s) on D by normality. Since X is connected, U must have nonempty 
boundary bU which must intersect the boundary of supp x- Hence U r\{D\ K) ^ and thus s = s on this 
open set. Since D\K \s connected normal (thus irreducible) we obtain s = s on Z) \ X by the identity 
principle. Uniqueness follows from the fact that D is connected and the identity principle for holomorphic 
functions. 

Hence it remains to prove that we can always find an open neighborhood ^ ai K that satisfies property 
(P) of the above proposition. Since K is compact on a Stein space we can always find an open, relatively 
compact Stein subdomain of X that contains K. We shall establish below that Property (P) holds for such 
domains. 

5.3. Solvability with compact support. Let us recall the settings and the main theorem in [7|. Let X 
be a pure n— dimensional reduced Stein space, A a lower dimensional complex analytic subset with empty 
interior containing SingX, the singular locus of X. Let f2 be an open relatively compact Stein domain in X 

and L — f2jf be the holomorphic convex hull of f2 in X. Since X is Stein and L ~ Lx, L has a neighborhood 
basis of Oka- Weil domains in X. Let Xq be an Oka- Weil neighborhood of L in X, Xq CC X. Then Xq 
can be realized as a holomorphic subvariety of an open polydisk in some C*. Set il* — il\ A. Let dA be 
the distance to A, relative to an embedding of Xq in C and let | | and dV denote the induced norm on 
A'T*fl* , resp. the volume element (different embeddings of neighborhoods of fl in C give rise to equivalent 
distance functions and norms). For a measurable {p,q) form u on Q* let IImH^o := J^, \u\'^d^^dV. 

In [7] we proved the following theorem: 

Theorem 5.2. Let X, D, be as above. For every Nq > 0, there exists N >0 such that if f is a d— closed 
{p,q)—form on ft*,q > 0, with ||/||Ar,o < oo, there is v ^ Lp'^°_^j^{n*) solving dv — f, with ||w||Ar„.si' < oo 
for every Q' CC 51. For each ft' CC il, there is a solution of this kind satisfying ||f ||jVo,si' 5; C'||/||Af,r2) 
where C is a positive constant that depends only on n',N,No. 
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We shall establish a dual version of Theorem 5.2 taking as A := SingX. We would like to prove the 
following theorem 

Theorem 5.3. Let f be a {p,q) form defined on Regfl and d-closed there with < q < n, compactly 
supported in il and such that Jj^^g^^ l/l^ d^°dV < oo for some Nq > 0. Then there exists a solution u to 
du = f on Regfl satisfying suppx u (s and such that 

f \ufd'^dV<C f \ffd'^"dV 

JRegQ J RegQ 

where N is a positive integer that depends on Nq and fl and C is a positive constant that depends on 
No, N, Q and suppf. 

Proof of theorem 5.3. The proof is inspired by the proof of Serre's duality theorem on complex manifolds. 

We shall apply Theorem 5.2 twice for forms of different bidcgrcc and for A = SingX. Let Nq be as in 
Theorem 5.3. Then according to Theorem 5.2 for the pair {X, f2) and for A^o + 2 there exists iVi(>> 
No + 2) such that if F G ^^'^""^.^(RegfJ), dF = on RegO with ||F||jVi,n < oo then, there exists 
a e L^'ip'^„_g_i(Regf2) satisfying 9a = F on RegO and such that ||a||iVo+2,y < oo for all F g Q. 

Similarly, for the above A^i there exists an N{» Ni) such that if G G L^'i°°„_^^;^(Regf2), 9-closed on 

Regil with ||G||jv,n < oo then, there exists a b G L^'i°'^„_g(Regl^) satisfying 96 = G on Regfi and such 
that ||6||Ari,y < 00 for all F g O. 

Let /, No be as in Theorem 5.3 and N, Ni be chosen as above. Let us define 

Hn ■■= {w e L^'i°p%_g+i(Regri) : ||w;||iv,n < oo} 
and Wjv^ := {v € L^^p ,^_g{Regfl) : ||t^||jVi,F < oo for all Y g O}. Consider the following map: 

Lf : Wiv nkern(a) 

defined by 

L/H := (-If / vAf 

jRegCl 

where v G is a solution to dv = w on Regfi (such a solution always exists by Theorem 5.2). 

First of all we need to show that Lf is well-defined, i.e. independent of the choice of the solution v G 
to the equation dv = w on Regfi. It suffices to show that J^^gQ v A f = when v G Ti^Vi ^^"^ dv = on 
RcgO. Clearly dv = on Rcgil and IIuIIatj.v' < oo. Hence according to what was discussed above there 
exists an a G L^'_'°'^„_^_]^(RcgO) satisfying 9a = w on Rcgil and such that ||a||jVo+2.y < oo for all Y (b fl. 

Let xs £ G°°(Regr2) such that < < 1; Xs{z) = 1 when q!a(z) > S, xsiz) = if dA{z) < | and such 
— G 

that [dxsl < on RcgO, for some positive constant G independent of 6. Then Lf{z) = lim xs vAf = 
lirn ^xsda Af = — |™ ^ dxs^ci/\f- The last equality follows from integration by parts arguments; 
the form xs f has compact support on Reg O but is not really smooth, so a smoothing argument is needed 
in order to apply the standard Stokes' theorem. Let Is := J^^^^ dxs^a/\f- By Cauchy-Schwarz inequality 
we have 

\Isf <( [ _ IdAdxsf Iff df dv) ( I \af dv\=A.B 

yjsupp/nsupp(ax5) J y./{xa<i}nsupp/ J 

But B is finite and ^ — > as 5 ^ since \dA dxs\ < G and /j^ggQ \ff dV < oo. Hence lim/^ = and 
thus i/ is well-defined. 
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Clearly is a linear map. By Cauchy-Schwarz we have 

(8) \Lfiw)\ <Co( f \v\^ d-/^ dv\ ( f l/p dv] ' 

VJsupp/ / \JRcgO / 

To obtain this inequality we used the fact that Ni >> Nq and hence d^^^^° < Co on Q. We want to 
show that Lf factors into a bounded linear functional on a subspace A of H]\j n kern((9). Recall that the 
following lemma was proven in [7] using the open mapping theorem for Frechet spaces. 

Lemma 5.4. (Lemma ^.2 in Let M be a complex manifold and let E and F he Frechet spaces of 
differential forms (or currents) of type {p,q~l), {p,q), whose topologies are finer (possibly strictly finer) 
than the weak topology of currents. Assume that for every f ^ F , the equation du = f has a solution 
u G E. Then, for every continuous seminorm p on E, there is a continuous seminorm q on F such that 
the equation du — f has a solution with p(u) < q{f) for every f E F, q{f) > 0. 

Let p{v) :— ^ Jsuppf 1^1'^ '^a'^^ '^^) ■ Using the lemma in our situation, given the seminorm p there exists 
an open set d 51 (that depends on the supp/) such that for all w £ TCn H kern(9) with q{w) = 
Hw 1^1^ ^a'^ '^^) ^ > there exists a solution v to dv = w on Regfi and a positive constant C satisfying 

(9) ( / bpd:,^^ dV] <Cq{w) 



[ \v\ 

J supp / 



If q{w) = then the same argument will imply that for every e > there exists a solution to dve — w on 
Kegfl with p(we) < e. Then for such a w we have: |L/(w)| < Cqe /pogij l/P d^° dV. Here we used the fact 

that Lf{w) is well-defined independent of the choice of the solution v G T-C^'^'''°'^{fl) to dv = w. Taking 
the limit as e we get that 

(10) \Ls{w)\ = < Coq{w) ( I l/p <° dv) ' . 

\jRcgO / 

Combining dH]), ©, ^ we obtain for aU w e Hat n kern(a) 



(11) \Lf{w)\<CoCq{w) [ / dV 

/Rogn 



From (|lip we see that Lf(w) depends only on w\w- Indeed, let w, w' G 7i7vnkern(9) such that uj\w = 
Then Lf{w) = Lf{w - w' + w') = Lf{w - w') + Lf{w'). From ^ we obtain that \Lf{w - w')\ < 

Co C q{w - w') ( /j^^gj^ l/p d^" dv'j ' . But q{w ~ w') ^ as w - w' = on W. Hence L/(w -w') = and 
thus Lf{w) = Lf{w'). Hence Lf factors to a well-defined bounded linear functional on A := {w\w', w G 
Hn n kern(9)} C UNiW). Here UNiW) := {w G i''-!;';„_,+i(W^) : \\w\\nw < oo}. 

We make a norm-preserving extension of the above functional Lf to HNiW). Let us call Lf the extended 
functional. By Riesz representation theorem there exists a u' G HNiW) such that for all w G Ti-NiW) we 
have 

(12) Lf{w)=[ <w,u'>d^^dV. 

JRegW 
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Set u := * u' on RegM^ (here * is the Hodge-star operator) and extend by zero outside W . We 

claim that u is the desired solution of Theorem 5.3. Certainly suppu d and j^^^Q^W]"^ dV = 
^KcgW "^A^ since u' £ Ti.N{W). We can control the weighted norm of u' in terms of the 

weighted i^-norm of / taking into consideration the following: 



(13) ( / 

= sup{|%(w)| -.we A with qiw) < 1} < Co C ( / d'^° dV 

It remains to show that du = f on Reg il. Let G ^o^in-p n-q) i^'^S ^) ^ smooth compactly supported 
form of bidegree {n — p, n — q) on Regil. We need to show that 

(14) [ a^Aw = (-l)P+«+i / (t>/\f. 

jRegn JRegO 

But (/) G Ti^Vii ^'Z' £ ^i^d d4>\w G -4- Therefore from the definition of we have that 

J RcgO 

On the other hand from we have that 

I//(c}(/ifH') / d4>Au= dcpAu. 
J Reg w J Reg n 



Putting the last two equalities together we obtain (|T4|) . 
The last part of Theorem 5.3 follows directly from the definition of u and H 



Remark: We can be more precise about the dependence of suppw and the constant C (that appears in 
Theorem 5.3) on supp/. Let X, be as in theorem 5.3 and let A^o be a non-negative integer. There exists 
a positive integer N that depends on Nq and fl such that the following is true: For every compact K C fl, 
there exists a compact K' C and a positive constant C that depends on K, N, Nq, il such that for every 
(p, q) form / with supp / C K and /^^^ |/|^ d^" dV < oo, 9-closed on Regfi, there exists a solution u to 
du = f on Reg fl with supp u C K' satisfying 



[ \ufd^dV<C [ \f\'d^'>dV. 

J K'\A Jk\A 



lK'\A JK\A 

The proof follows along the same lines as the proof of Theorem 5.3, by taking as p{v) :~ ^ Sk\a 1^1^ '^"a^^ 
Then there exist an open, relatively compact subset W oi ^ (that depends on K) a seminorm q{w) := 
fw\A IM"^ d,'^'^ dV and a positive constant C (that depends on K) such that the equation dv — w has a 
solution V satisfying p{v) < C q{w). The rest of the proof of Theorem 5.3 carries over. The compact K' 
is chosen to be K' := closure(iy) and the constant C — C Cq where Co depends on TV, Nq, O. 
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